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Abstract, Representations of §0(5) can be constructed on bases such that either the Chevalley
triplet (es, f1, k1) or ez, fa, h2) has the standard SU/(2) matrix elements. The other triplet
in each case has a more complicated action. The g-deformation of such representations present
striking differences. In one case a non-minimal deformation is found to be essential, This is
explained and illustrated below. Broader interests of a parallel use of the two bases are pointed
out.

The g-deformation of representations of non-simply laced Lie algebras (with roots of unequal
length) present special problems. This is illustrated by comparing, for particular cases, the
respective g-deformations of irreducible representations of SG(5) in two bases. Imposing
the standard ST/ (2) representations for the triplets of Chevalley generators associated to the
shorter and the lenger root of SO(S) by turn lead to surprisingly different consequences
concerning g-deformation. Irreducible representations of SO(5) are characterized by two
invariant parameters #1 and nz (1 = n2, both integer or half-integer). In this paper we will
consider only the cases

(Yna=0
and

(i) np = n,.

Up to now only for these two cases are the solutions complete. But even within such
restrictions remarkable features arise. For nz = n; oné encounters an example (defined
below) of non-minimal g-deformation which is our main result here. The case 15 = 0, needing
essentially minimal deformation serves as a contrast. By minimal g-deformation we mean [1]
introduction of g-brackets for each factor in the classical matrix elements of the Chevalley
generators acting on a suitably parametrized set of basis states. Non-minimal means a departure
from this involving more subtle and complicated g-deformations of some factors giving back
again, of course, the same classical limit. Thus, defining [x], = (g?* — ¢7P*)/(g* —¢™P),
for any classical factor x the g-deformation

x = [x]p
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is minimal, while

x> [x1lpy — [adpy, With x =x1 —x»

is an example of non-minimal deformation. The significances of these definitions will be more

explicit after the examples to follow.

The Chevalley generators consist of two triplets {e;, fi, #1), (e2, Jf2, f2) comesponding
to the roots 1 and 2 respectively. The standard Drinfeld-Jimbo construction for 14, (S G(5))

is, with commuting Cartan generators g™, g%,

Fhigy = g¥loigh g f = gl gt
g% e = g¥leg® g7 f = g* fig*
g Moy = gTlesg™ g fy = g gt
Fes = gHergth g gy = g fygthe

fer, £21=0 [e2, i] =0

g2 — g~
ler, il = [2h1] = (_qTqTx_)

g

4ha _ a—dh2
{ez, fil = Rh2lh = (qqz_—z:‘z_)

eze(:i:) — q:|=2e,(=l=)e2

BB h=qh
[e1,esl=0 [fi, sl =0

where we have defined

&5 = gtleier — gFlese

f‘*’ =¢*" i —a¥ fifz
=g~ ele(“” g e(""} =g e e_%') - g“"eg')el

f4 =¢ P ~g AR =g 570fi—a Al

The copreducts, co-units and antipodes are the standard ones.
For subsequent, convenient use we define also
&
q M _ q:l:h: q
gt = qﬂ:ﬁm-m = g&h
qﬂ:M.s _ £:!,.:l: F(K+M) q=|:(fn+th_

E(K=M) _ 2

The second-order Casimir operator is [1]

2K +31]»

K5 +[K][K+3]]

= o { (flel + [MIIM + 1)

+ (faer + [2]2

ﬂ 4) [22(f (+) (-i-) 2M+1+f( ) (—Jq—ZM 1)‘

M

()

(3

(4)
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Though we will need in the following only the restricted cases mentioned before we
state here the general result that on the space of states spanning the irreducible representation
(?11, nZ)

[2n1 +3)2)
@ [2ny + 3]
where 1 is the identity. (For nz = 0, 5, 1 this reduces to the results in [13.)

Our aim is to compare two bases for irreducible representations (n;, n2) defined as
follows:

il + 31+ nalins + 1 o)

Basis 1. Let

g jmkl >=g*jmkl >
g ljmkl >=g**jmkl >
elimkl>=C-mj+m+1D"im+1kl>
Glimkl >= - ) .
U —m+ 1 —m+ 2D a( b, L +1m < 1k+10 >
-
F (L Fmllj+m— DY b LI = 1m~1k+10 >
-

F(U+m~m+ 2 (kL jm—1k+10>.  (6)
Il

We impose the Hermitian conjugacy f; = ¢; and consider (for generic g) only real matrix
elements. Hence the matrices realizing ¢; and f; in the space of the representation will be
related by transposition.

The domains of the indices have been obtained. The patterns of multiplicities are subtle.
They are presented below without the derivations.

(i) For (#1, n,) integers

=01, m—1

m=—j —j+1,..., i~1 1}

k=1, —I+2,...,1-2,1

=012 ...

Jrl=nm—ny, mm—mt+1,..., mta

FETER TS RN O ) Lkl B P SR T SV A T PN E))
(When comparing with (2.14) of [1] note that when ny =ns, I = j, j—1for j > 0 and
t=0for j=0}

(ii) For (ny, n3) half-integers

j:%, %,...,nl—i, b2 ]

=—j, ~j+1,..., j~1, ]

k=l —-i+1...,1—-1,1

I=1 ,2,...-

j+l=nm—n+1l, mi—m+3,..., 8 +n

—l=—ny+nm, —my+n+2, ..., 0 —n. &)
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The domains of k and ! were obtained by diagonalizing the Jis matrix of Gelfand-Zetlin
[2], for low numerical values of n; and 72, by using MATHEMATICA. The general expressions
extracted from them were tested again a posteriori. At first the domains of k and [ came
out in a complicated form. Then it was noticed that appropriately combining ;j and ! (as in
{7) and (8)) rectangular lattices can obtained as shown.

It can be shown that (7) and (8) lead (for ¢ = 1 and generic g4) to the same dimensions
as the Gelfand—Zetlin construction [2] for SO(5), namely

§@na+ D(2ry + 3)(m + 1+ 2y —mp + 1), ©)

Up to now the solutions for the reduced matrix elements @, b, ¢ satisfying all the
necessary algebraic constraints have been obtained [1] for the cases

n2 =0, 1, n

when there is no multiplicity due to ! and one can consider states labelled |j m k >. For
comparison with the case to follow we reproduce here, briefly, the results for 7, = 0 and
ny = ny (for ng = %, see [1]).

To start with, consider only generic g (real, positive). Forng =0, m =n

172
[n—j—k] [n+j-|—k+3])

. 1y
a(j.ky=(g+q7) ( 27 + 1125 +3]

1/2
o caf ikt 0= j+k+2]

(7, k=0 (10)
where
Jj=012,...,n
k=n—jin—j—2....,—(n—j—2),—(n~j)
m=jj—1...,—G-=1,—j.
The dimension of the representation is now

L+ 1)(n +2)(2n + 3). an

For ny = n, = n (integer or haif-integer)

7i+31127+ 1 [j+13

1Lt i —&] [j—fc—l])”2

)= (q+q_l)_1(tn~f]z 4+ 2L [+ k+ 1L +zc+21)”2

2j+1102j - 1B
(L =Kk [ +k+ 1)
+1k Uk

bUK) =(a +q">-‘(["

By =@g+g ) n+11 (12)
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where
J=nnr—1,.--,0(/2)
k=jj—L- ~(—-1,—J
m=jj—1--,=(j—1),—J.
The dimension is

$r+ D@r+ )20+ 3). | (13)

Apart from the limiting values of n, mentioned (the lowest 0 and % and the highest
ny) not even the classical representations have yet been obtained for this basis. (See the
detailed discussion and comparison of the situation with that in the Gelfand-Zetlin basis [2]
given in {1].) But for the n; valvues mentioned above setting ¢ = 1 and comparing with the
generic g-case one sees essentially an example of minimal g-deformation. The only effect
of unequal roots is the appearance of {x]» brackets along with the [x].

Basis 2. Consider now the following basis states (¢ = £1, & = £1):

g™ | j2 ma ja ma >= g5 jy my ja ma >
g jy ma ja ma >= g™ fy my s ma >
ealja my jama >= ((jo — mohalja +ma + 1) jamgy + 1 jy ma >
eilfamy jama>= Y ([j2—e€my+ ) x
E, €

Cuer(as Jamay o+ 5§ ma—% ja+§ mat]>. (14)

The matrix for f; is again given by transposing the one for ¢;.
The domain of the indices (again for generic g) are

I ny+n;
J2=0,31,..., —
n+n

j4=0: %: 1;---1 _1%_2

m2=_j25 '_j2+15---: jZ—li j2
ﬂ'!.4=—j4, '—j4+11'--1 j4_1v j4

such that

atja=ng, m+1,..,m
(15)
o= fas=—my, —m2+1,..., na.

Now for g = 1 a complete solution for the reduced elements c. . is available. This
is the representation of Hughes [3]. We have introduced the notations jz, js to indicate
the relations of these indices to our definitions in (1) and (2) of (es, f2) and (eq, fi)
respectively. Moreover the domains of the indices given in [3] is now more simply expressed
in terms of the combinations (j> % j1). (Compare the roles of (j£!) in (7) and (8).) Though
it does not seem to be explicitly noted in the paper, the skiff operators of [3] correspond
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directly to the Chevalley generators {e1, f1). The solutions can be written, in our notations,
as

Seerlin Jasme) = s+ € mat BEWPo g (o, Jo) (€ =%1)  (16)
with
ez ja) =cy(a+ 3. Ja+3)

— (("1 + it i+ —f—idat jatr+2(+ji—m+ 1))”2 an
- Qi+ D @z +2) Qs +1) Qs +2)

and

ez, J) =—cn(a+i, -2
_Cm+h—h+$w—ﬁ+ﬁ+Dm—ﬁ+m+U@—ﬁ+mqm a8
22+ 1D CRr+2) QM) Cjat+ ) ’
The dimension is of course, again given by (9).
But now the g-deformation is the problem. As yet solutions have been obtained for the

following two cases.
@) Forna=0,nm=n

h=a=0d 8
ez, Ja, ma) = o=y, Js, Mma) =0
and
ez jar ma) = (Ls+ ma+ 1D cirnyGan Ja)
= (f2e Jar ma) = ([ja = mal)* ccy Gy Ja)
where

ety (o Ja) = Cemy(d+ 3. Ja+3)
_ ([m +72 a4+ 3n 2 jz])lﬂ
[2jz + 1120272 + 2],

(1%)

This is straightforward, The factorization of m4-dependence is what one would expect. One
has a minimal g-deformation (with g-brackets appearing as well).
(11) For Ry =hy=n

j2+j4=n0 j2=0’ %9"': n

c++){J2r Jos ma} = (2, ja, mg) =0. (20)

If one tries to impose for i ) an my-dependence of the type one expects from the
classical expression and the typical minimal deformation (found for n2 = 0 say) one runs
into a contradiction. The following remarkable solution has been found. One obtains,

ey (s Jar ma) = (n+ 1l — [+ ma + 1DV cmy ()
cmiy(ny Jar ma) = ([ + 1k — L2 ~ mal)"? ccy(2) 21)
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where

. X 12
[Z2j2 +1112j2+2] ) 2

cny(d) = —cp(in+3) = ([2j2 1 2+ 2L

One preserves the correct classical limit. But the my-dependence involves a strikingly non-
minimal g-deformation prescription. (This, to our knowledge, is the first example of this
kind.) One can express the square root of the difference of two brackets (appearing through
ms-dependence) as a square root of products of brackets through the identity

[x+yh

[x]2 = [ =[x — ¥] TR

But now m, appears in the denominator on the right, which is again quite unusual.
From the definition of (e4, f3} one now obtains (with j3 = n — j2)

ealja ma jama >=~(g + ¢~ {(In + 112 = [z — mal2)x
(n+ 112 — Ljp + ma+ 12 jamy jama+1>
faljamg jama >=—(@ +q ) {((n + U2 — [jo ~ ma+ 1]2) %
([n+ 1o — Lz + mal )P Pljamg jama—1 > .. (23)

For comparison we note that for ny = 0 {j» = j4) one has

eq|j2 ma jama >
= (g + ¢ Wjs — mahalja + g + 1321 jp mg jama+1 >
Jaljr mo ja ma >
= (g +q " Mljs + malaljs — mg + 11} jama jama — 1> . (24)

Here the classical limit and the 24, (SU(2)) structure associated with (%, &, g=*) are
evident. For ny = ny, the commutator [es, fs] is more complicated but, of course, has the
same classical limit.

Studying the bases in parallel has other interests than providing interesting exercises in
g-deformation. We briefly mention two important aspects to be explored elsewhere.

(a) Suitably adapting familiar continuation techniques 4,(SO(3, 2)) and i,(SO(4, 1))
representations can be obtained from basis (1) and basis (2) respectively.

{b) Under suitable contraction procedures again g-deformation of representations of
different inhomogeneous algebras are obtained in the two cases. The contractions of basis
(1) are discussed in [1]. Contracted representations arising from basis (2) will be presented
elsewhere. Here possibilities of applications are particularly interesting.

The major remaining task is the explicit construction of i, (§O(5)) representations for
arbitrary, admissible, (n7, n2). The elegant formalism of Fiore [4] gives the deformations
of only the vector representations of SO(N). If one intends to cover the full range of
invarjants and indices some essential, hard problems are already encounted at the level of
Uy (SO(5)). Overcoming them is the motivation behind our efforts.

The basis (1) classical representations seem (so far) to permit relatively simple (minimal)
g-deformation. But the intricate multiplicity patterns (presented here for the first time)
indicate the difficulties of a (even classical) general solution. The unsuitability of the
classical Gelfand-Zetlin representations [2] for g-deformation was explained in [1]. The
classical representations of Hughes [3] (starting point of our basis (2)) have aftractive
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properties but their g-deformation presents unexpected problems. We hope to present a
general solution for basis (2) in a following paper.

The domains of the indices were considered above for generic g. TFor ¢ a root of
unity the situation (concerning dimensions and the centre) changes radically. Nevertheless,
the periodic and partially periodic irreducible representations for g a root of unity can be

obtained from generic ¢ using our formalism of fractional parts (1, SIT. This will not be
discussed here; see section IV of [1] for explanations and references. A different approach,
containing supplementary references, is given in [6].
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